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The Sorting problem

Definition
o Let V={wvq,...,vn} be totally ordered by an unknown linear order <
@ Determine < by making queries of the form “is v; < v;?”

Classical query complexity (or decision tree complexity)
@ C(Sorting) =minimum #queries to solve Sorting
@ Trivial lower bound: C(Sorting) > log n! = Q(nlog n)
> One line proof: # possible orders= n!
@ Upper bound: C(Sorting) = O(nlog n)
> Many algorithms: Mergesort, Heapsort
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Quantum speedup?

The classical query complexity of Sorting is ©(nlog n)

Can quantum algorithms provide a speedup for the Sorting problem?

Question J

No...
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The adversary bound

Theorem [Ambainis’02, Hayer Lee Spalek’07]

Qc(Sortingp) = Q(Adv(Sortingp))

where

. il
Adv(Sortin: = max _
V(Sortingp) = max H T o (U= AN)]

Notes

@ Valid for any problem in the query model, not just for Sortingp
@ For Sorting

> The involved matrices are n! x n!
> Lines and columns are indexed by permutations o over {1, ..., n} such that

iy & o) <o)
> For o, the unknown total order is therefore such that
Yoty S Vo1 S -+ S Vot

» Jis the all-1 matrix, and A7 the boolean matrix such that
* AJ_ = 1iff the query v; < v; returns the same answer for o and 7
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Quantum lower bound for Sorting

@ We just need to find a good adversary matrix '
@ Hayer, Neerbek and Shi proposed to use

rM:% for  T=(kKk+1,... k+d)oo

> or = ‘H when total orders are the same except for one element shifted by d positions

Theorem [Hayer Neerbek Shi'02]

Adv(Sorting) = Q(nlog n)

Conclusion
@ No quantum speedup for Sorting
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Sorting under Partial Information

Definition
@ Let V={wvq,..., vn} be totally ordered by an unknown linear order <
@ Let P = (V, <p) denote a poset (partially ordered set) compatible with (V, <)
@ Given P, determine < by making queries of the form “is v; < v;?”

Notes
@ Aposet P = (V, <p) specifies a partial order between elements of V
@ Since P = (V, <p) compatible with (V, <)
Vi <p Y = Vi <V

@ Since P is given, some comparisons are already known
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Sorting under Partial Information

Definition
o Let V={wvq,...,vn} be totally ordered by an unknown linear order <
@ Let P = (V,<p) denote a poset (partially ordered set) compatible with (V, <)
@ Given P, determine < by making queries of the form “is v; < v;?”

Classical query complexity
@ Let e(P) be the number of linear extensions of P
> # total orders (V, <) compatible with (V, <p)

@ Trivial lower bound: C(Sortingp) > log e(P)
@ Can we design an algorithm that matches this lower bound?
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Balanced pairs

@ Suppose we start with a poset P(V, <p) with e(P)
@ After performing a query “is v < w?”, we can update P

> Ifyes: P< = P(v < w), with e(P<) < e(P)
> Ifno: Py = P(v > w), with e(Px) < e(P)

@ Observation: e(P<) + e(Px) = e(P)
@ Ideal case: e(P<) ~ e(Ps) = e(P)/2

Theorem(s)
If Pis not a chain, then 3 incomparable pair v,w € V s.i.
6-e(P) < e(P(v<w)) <(1-9)-e(P)
for some absolute constant § > 0
°5=2~02727 [Kahn Saks’84]
0 5= 5-¥5 ~0.2764 [Brightwell Felsner Trotter'95]
e 1/3-2/3 conjecture: § =
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Algorithm

Algorithm for Sorting under partial information
@ Given P, find a §-balanced pair v, w
@ Query“isv < w?
© Update P according to result
© Repeat until P is a total order

Discussion
@ The algorithm uses < log, ;4 _s) €(P) = ©(log e(P)) queries
> Good!
@ Computing e(P) is a #P-complete problem
> Bad...

@ Can we approximate e(P)?
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The Order Polytope

@ In all that follows, P = (V, <p) is a poset on a set V of n elements

Definition

The Order Polytope O(P) of P is the subset of points x € RY satisfying:
0<xy <1 YveV
Xy < Xw Vv,w € V suchthatv <p w
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Examples

Ty

ngavl‘bgl
Tq <y
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Examples

0<zg,xp, 2. < 1
Tq < Ty
Ty < T
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Volume of the Order Polytope

@ Recall
> n:=|V|
> ¢(P) := #linear extensions of P

Theorem [Stanley’86]

vol(O(P)) = @

Proof (sketch)

@ Every linear extension of P defines a simplex of O(P)
@ Every simplex has volume 1/n!
> One simplex for each of the n! possible total orders
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Volume of the Order Polytope

lllustration of the proof

0 S Lay Thy e < 1
Ty < T
Tq < X
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Volume of the Order Polytope

A first simplex:

Ty
C A
1
b
a T
x, < ap < T 1
< <
O_Jia,xb,l‘t_l 0 . Ty
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Volume of the Order Polytope

A second simplex:

a

Ty S xSy
0< Lq, Tp, T <1
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The Chain Polytope

Notion of chain
@ Given a poset P, a chain C is a subset of elements such that

Vi <pVa<p...<p W

Definition
The Chain Polytope C(P) of P is the subset of points x € RY satisfying:
Xy >0 YvevV

Zvec xy <1 for every chain Cin P
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Example

L

a T
Tay Ty, Te > 0

Tot+ap <1 T~

Ty +x.<1 T
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From the Order Polytope to the Chain Polytope

Definition
Let ¢ : O(P) — C(P) : x — y where, foreach v € V
Xy if v minimal element
Yv =
min{xy — xw : W <p v} otherwise.

Properties of ¢
@ ¢ is a continuous, piecewise-linear bijection from O(P) onto C(P)
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Example

A point x € O(P) and its image y = ¢(x) € C(P)

Ty
col 1/2 1“
bd1/20 T,
1
ad 1/2 1/2 -7,
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Consequence

Corollary [Stanley’86]

vol(C(P)) = vol(O(P)) = e(T"D

~

We may thus work with either polytope to approximate e(P)
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Approximating e( P) (or more precisely, log e(P))

Approximating the volume of a convex corner by an enclosed box:

A
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Maximizing the box volume inside the Chain Polytope

Observation
@ For each x € C(P), the box with the origin and x as opposite corners is fully contained in C(P)
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Recall: Example of Chain Polytope

)
b c A
1
a To
Lay Thy Le 2 0
T, +ap <1 T
To+x. <1 TN
0 1 Lq
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Maximizing the box volume inside the Chain Polytope

Observation

@ For each x € C(P), the box with the origin and x as opposite corners is fully contained in C(P)
@ Let us consider the included box with the largest volume
> Maximum included box program:

max [[x st xec(P)
veVv

@ Taking the log, normalizing by n, and changing sign, we get

Definition
The entropy of P is

. 1
H(P):= min —— \;Iog xy» st xecC(P)

@ Special case of Graph entropy [Kérner'73]
> For the comparability graph of P
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Approximating log e(P)

Main idea
@ The volume of the Chain Polytope is vol(C(P)) = vol(O(P)) = &)
@ Taking the log, and changing sign, we get
» —log vol(C(P)) = nlog n — log e(P) + O(n)
@ Let V be the volume of the maximum included box
> —logV = nH(P) is used as an approximation for nlog n — log e(P)

@ Introducing the dual entropy H(P) = log n — H(P)

> nH(P) is used as an approximation for log e(P)

Theorem(s)
log e(p) < nH(P) < clog e(P)
c=1+7loge~ 11.1 [Kahn Kim’95]
¢ = 2 (tight) [Cardinal Fiorini Joret Jungers Munro’10]
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Entropy: basic facts

Definition
. 1
H(P) := min{f(x) : x € C(P)} where f(x) === logxs
n veV
@ If Pis a total order then Oe
CP)={xeRY: x>0 WweV & > x <1}
veV
Od
> setting x, = 1 Vv € V minimizes f(x), thus H(P) = log n
@ If P is an empty order then Se
CP)={xeRY:0<x, <1 vveV}
> setting x, =1 Vv € V minimizes f(x), thus H(P) =0 Qb
@ If Qis aposeton V extending P, then H(Q) > H(P)
> Thus in general m Oa
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Kahn & Kim’s approach

Lemma [Kahn Kim’95]

If P is not a chain, then 3 incomparable pair v, w € V s.t.

max{nH(P(v <)), nH(P(v > w)))} < nH(P) — ¢

where ¢ = log(1+17/112) ~ 0.2

Discussion
@ Similar to §-unbalanced pairs
» Using entropy H(P) instead of e(P)
@ H(P) can be computed efficiently (ellipsoid method)
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Kahn & Kim’s algorithm

Algorithm for Sorting under partial information
@ Given P, find an incomparable pair v, w as in previous lemma
@ Query“isv < w?
© Update P according to result
© Repeat until P is a total order

Discussion
@ The algorithm uses O(nH(P)) = O(log e(P)) queries
> Good!
@ It is polynomial and deterministic
> Good!
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Recall: the adversary bound

Theorem [Ambainis’02, Hoyer Lee Spalek’07]

Qc(Sortingp) = Q(Adv(Sortingp))

where

. 1Tl
Adv(Sortin = max —
(Pi) = 17 max;; [T o (J — AT)]|

Notes
@ Valid for any problem in the query model, not just for Sortingp

@ For Sortingp

> The involved matrices are e(P) x e(P)
> Lines and columns are indexed by permutations o consistent with P
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Yao’s quantum lower bound for Sortingp

@ Using the same adversary matrix as [Hoyer Neerbek Shi’'02]

rm:% for = (kk+1,....k+d)oo

> Restricted to lines/columns for o € A(P) (those consistent with P)
@ Yao proved the following lower bound

Theorem [Yao’'04]
For any poset P,

Adv(Sortingp) = QLB(P) := E, ca(p) [Z Hdv((,“}
v

where Hj is the k-th Harmonic number and

o(i) if v; minimal element in P
di(o) ==

min{c(i) — a(j) : v <p Vj} otherwise.
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Conjecture: no quantum speedup

@ Yao conjectured that this bound is tight and matches the classical complexity

Conjecture [Yao’'04]
For any poset P
QLB(P) > clog e(P) for some constant ¢ > 0

@ Using connections with graph entropy, he was able to prove

Theorem [Yao'04]
For any poset P
QLB(P) > cloge(P) — c¢'n for some constant ¢, ¢’ > 0

@ Due to the linear term, this gives a trivial bound if log e(P) = o(n)
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Yao’s approach

@ First, let’s switch to natural logarithms:
— 1
H(P) = Inn—f h f(x)=—— In x,
(P) = max [inn— f(x)] where (0 =— zejv ’

@ Therefore nH(P) > Ine(P)

Lemma [Yao'04]
For any poset P
QLB(P) > nEycc(p) [Inn — £(x)]
Exec(p) [INn — f(x)] > H(P) — 200

Discussion
@ Almost what we want, except that we have an average version of the entropy instead of a max
@ Still OK if both versions are close
@ Since it is multiplied by n in the lower bound, the —200 terms causes the linear loss
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Recall: Example of Chain Polytope

)
b c A
1
a To
Lay Thy Le 2 0
T, +ap <1 T
To+x. <1 TN
0 1 Lq
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Max-entropy vs Average-entropy

Observations
@ The bound nEc¢(py [IN n — f(x)] cannot be tight
@ If Pis atotal order

NExec(py [INn— f(x)] = —yn+ O(1)

> where ~ Euler-Mascheroni constant
@ If Pis the ‘ordered insertion’ poset
NExcepy NN —f(x)] =In(n—1) —yn+ O(1)

@ For all examples considered: loss of —yn
> Maybe not a coincidence?
> Recall that v = limp_, o [Hy — In ]
@ With a finer analysis of QLB we proved the following

Theorem

QLB(P) = nExec(p) [Hn — f(x)]

[Cardinal Joret R’17]
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Proof idea and consequences

@ Proof based on the following main technical lemma, together with Stanley’s map
¢: O(P)—C(P)

Lemma
For any poset P, for all c € A(P) and for all 1 </ < n, we have
Hgyo)—1 = Hn + Eyco, () [INdi(y)]

@ We conjecture that the strengthened lower bound is tight, which reduces to the following
conjecture

Conjecture
For any poset P
Exec(py [Hn — f(x)] > CX?(?(),(:)[In n— f(x)] for some constant ¢ > 0
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Towards proving Yao’s conjecture

@ We are able to prove the conjecture for an extended class of posets

Theorem [Cardinal Joret R.’17]
For any series-parallel poset P
Exee(p) [ — f(x)] = ¢ max finn —f(x)]

@ Series-parallel posets can be obtained by composing iteratively smaller posets using

> Parallel composition
> Series composition
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Parallel composition
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Series composition
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Towards proving Yao’s conjecture

Theorem [Cardinal Joret R.17]
For any series-parallel poset P

Exce(p) [Hh — ()] > ¢ max [lnn — f(x)]

— 1
forc_m_OJZ

Proof idea

@ We show that the average and the max-entropy behave the same

> under series composition
> under parallel composition

@ The main theorem is then proved by induction on the size of P
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Thank you!
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Setup

@ Let us consider a quantum algorithm for Sorting
@ We denote by o the permutation over {1,..., n} such that
viy e o) <a())
> The unknown total order is therefore such that
Yoty S Vo1 S -+ S Vot
@ The algorithm should work for any o € Sp

Let 1! ) be the state of the quantum computer after t queries for permutation o
Let p! be the Gram matrix of those states for all permutations o, 7 € Sy

Pl = (WLlvh)
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Properties of the Gram matrix

@ plis the matrix with entries
t oyt
Por = (Yo l¥7)
> where |4 ) is the state after t queries for permutation &

@ Initially (at t = 0)
> Before any queries, the state |4 ) is independent of o

P =J (the all-1 matrix)

@ Unitaries independent of o do not affect the Gram matrix
We|UTUL) = (WG |9))
@ At the end of the algorithm (at t = T, assuming T queries in total)

> The algorithm must discriminate between all permutations so (] |41 ~ &5,

o~ (the identity matrix)
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Progress function and effect of queries

Idea

In order to track the progress of the algorithm from p° = J to p” ~ I, we introduce a progress
function

W(p') = il (p" o [8) (4])]

where I is a so-called adversary matrix and |9) its principal eigenvector

Effect of queries

@ Let A¥ be the boolean matrix such that
> A’;f;, = 1iff the query v; < v; returns the same answer for o and =

@ We can show that for each query
W(p™") — W(p")| < max||l o (J — AT)]|
iif
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Properties of the progress function

W(p") = e[l (p" o [) (6])]

o Initially: W(p°) = W(J) = Tr[l|6) (5[] = |IT|
@ For each query

W) = W(eh)| < max|r o (4 — %))
i
o After T queries: |W(pT) — W(o®)| < Tmax;; ||l o (J — AY)]|

@ Attheend: W(p) =~ W(I) =Tr[(FTo/)|8) (5]] =0
> assuming N, =0

Conclusion

N iy
~ max,"j ||r o (J = A’/)H
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The adversary bound

Theorem [Ambainis’02, Hoyer Lee Spalek’07]

Qc(Sorting) = Q(Adv(Sorting))
where
I
max; ; || o (J — Af)]|

Adv(Sorting) = max

Notes
@ Valid for any problem in the query model, not just for Sorting
@ This bound is tight!
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The adversary bound (2)

Theorem [Reichardt'11, LMRSS’11

Qc(Sorting) = ©(Adv(Sorting))
where
1Ll
max;; [T o (J — AT)]|

Adv(Sorting) = max

Notes
@ Valid for any problem in the query model, not just for Sorting
@ Now we just need to find a good adversary matrix I
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Quantum lower bound for Sorting

Theorem [Hayer Neerbek Shi'02]

Adv(Sorting) = Q(nlog n)

Proof (sketch)
@ Use the adversary matrix

n—1n—k

1

r— 1oy (o)

DL} SRERTE
o k=1d=1

> where the permutation o9 is defined as (k, k + 1, ...,k + d) o o.

@ Step 1 (skipped)
IFo(J—AN)| <
@ Step 2
(Tl > nHn —n

> where H, = ©(log n) is the n-th Harmonic number
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Quantum lower bound for Sorting

Theorem [Hoyer Neerbek Shi'02]

Adv(Sorting) = Q(nlog n)

Proof (sketch - continued)

@ For
n—1n—k 1
=235 G0 )
ad
o k=1d=1
W=—=3 |0
= — ag
m o€Sy
@ We have
n—1n—k

1 n—1 n—1
I 2 WIT ) =325 <=3 Hyk= > Hi=nHo—n
k=1 1=1

k=1 d=1

> by the properties of the Harmonic numbers
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Recall: the adversary bound

Theorem [Ambainis’02, Hayer Lee Spalek’07]

Qc(Sortingp) = Q(Adv(Sortingp))

where

. il
Adv(Sortin: = max _
V(Sortingp) = max H T o (U= AN)]

Notes
@ Valid for any problem in the query model, not just for Sortingp

@ For Sortingp

> The involved matrices are e(P) x e(P)
> Lines and columns are indexed by permutations o over {1, ..., n} such that

iy & o) <o)
> For o, the unknown total order is therefore such that
Yoty S Vo1 S -+ S Vot

» Jis the all-1 matrix, and A7 the boolean matrix such that
* AJ_ = 1iffthe query v; < v; returns the same answer for o and 7
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Yao’s quantum lower bound for Sortingp

@ Using the same adversary matrix as [Hoyer Neerbek Shi'02]
n—1n— k
= 2 o)
oeA(P) k=1 d=1
> Restricted to lines/columns for o € A(P) (those consistent with P)

@ Yao proved the following lower bound

Theorem [Yao’'04]
For any poset P,

Adv(Sortingp) = QLB(P) := Escap)

> Hdv(a)1:|
v

where Hy is the k-th Harmonic number and

a(i) if v; minimal element in P
(0) ==

min{o (i) — o(j) : vj <p vj} otherwise.
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